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ABSTRACT 
In this article we prove that a complex arrangement (i.e. a finite union of hyperplanes in a)“) whose 
complement has Euler characteristic fl is defined over Q, meaning that there exist coordinates 
such that the equations of the hyperplanes of the arrangement have rational coefficients. 
1. INTRODUCTION 
For each n E N, we define an arrangement A in @” to be a finite union of hy- 
perplanes in C”. We denote the set of hyperplanes of A by a(d). Let K be a 
subfield of C. We say that A is defined over K if there exist affine coordinates 
such that every hyperplane of A has an equation with coefficients in K. For any 
positive integer e A is called a e-arrangement in @” if x(C”\d) = &C where k 
denotes the Euler characteristic. Now we can state the 
Main theorem. Let A be a l-arrangement in C”. Then A is dejined over Q. 
In fact, for fixed n, we are able to generate a finite list of arrangements in C” 
such that every hyperplane in each of these arrangements has an equation 
C:‘=, a,x; - a = 0 with ai, a E (0, 1) an d such that every l-arrangement in C” 
equals, up to an affine transformation of coordinates at least one arrangement 
in this list. 
For a complete list of l-arrangements in dimension < 4 up to combinatorial 
equivalence, we refer to a previous article [J-L]. 
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The following examples illustrate that the main theorem does not hold for 
any ! except 1. Let de be defined in C2 by equations x1 = 0, x2 = 0, x1 + x2 = 0, 
xi + &ix2 = 0 if e = 0 and by xi = 0, xi - 1 = 0, x2 = 0, x1 + ax2 = 0, 
XI +jx2 = 0 for 2 I: j 2 C if! 2 2 then x(C2\dl) = I but de is not defined over 
Q. even not over IF& 
To each arrangement A in @“, n > 1, and each hyperplane Hi of A we associate 
2 arrangements, namely AL, = l_lHEXH(A),(H,l H, the deleted arrangement of A 
induced by Hi and stlf, = UHtH~A~~~H,l Hi f’ H, the restricted arrangement of 
A to Hi, where %(A) d enotes the set of hyperplanes of A. 
We call a hyperplane B of a l-arrangement A in C” a boundary if 
x(Q- ‘\di) = fl. The set of all boundaries of A is denoted by B(d). 
We call an arrangement A in @” generating if the normal vectors to the hy- 
perplanes of A span @“. It is known that for a generating arrangement A in C”, 
given by equations with real coefficients, the number of bounded components 
of [W”\dequals (-l)@x(6?\d). This follows easily from results in [0-Tl, p. 231 
and [B-B-R, p. 1791. 
Moreover, it is known that for a generating arrangement A in @” and generic 
X E Cc”, the number (- l)“x(@“\d) also equals the number of critical points of 
f = nE 1 (h(X))” where hi(x) = 0, 1 5 i 5 m, are defining equations of the 
hyperplanes Hi in A. This was conjectured by A. Varchenko and he proved it in 
the case of real complexified arrangements ([VI). For arbitrary generating ar- 
rangements this was proved by P. Orlik and H. Terao ([O-T2]). 
In a previous article [J-L], we studied the structure of generating l-arrange- 
ments in C” given by a set of equations with coefficients in Iw. For example, the 
number of hyperplanes of such arrangement is at most 2n. For those arrange- 
ments the boundaries of A correspond to the boundaries of the unique bounded 
component of @\A. In fact, we defined the notion of boundary of a l-ar- 
rangement in C” in such a way that this correspondence holds. Hence we could 
generalize the theory of the previous article. 
Finally we’d like to thank Prof. J. Denef for the suggestion of the problem 
and the many useful discussions about this topic. 
Remark. An anonymous referee informed us that the main theorem could 
also be obtained in a different way from results of the theory of matroids (see 
H. Crapo: A higher invariant for matroids. Journal of Combinatorial Theory 2, 
406-417, 1967; T. Zaslavsky: The Mobius function and the characteristic poly- 
nomial (in N. White, ed.: Combinatorial geometries. Cambridge Univ. Press, 
1987); T. Brylawski: A combinatorial model for series-parallel networks. Trans. 
Amer. Math. Sot. 154, l-22, 1971). 
2. ARBITRARY ARRANGEMENTS 
For an arrangement A in @“, we define x’(@“\d) to be (-l)“x(Cn\d). For 
400 
2 arrangements A1 in Ck and AZ in Ce, we define dl x A2 in CkfC as 
NJ HET+Q) (ff@ @7> ” uIEN(A2) wk @H)). 
The following theorem is a well-known result, see [0-Tl, p. 23, p. 551. 
Theorem 2.1. (i) Let H E 7-(d) andn 2 1, then 
y’(C”\d) = x’(C”\dL) + x’(C” - ’ \d;,. 
(ii) Let d1, A2 be arrangements in Ck (resp. 62’) and A = dl x AZ, then 
x(Ck+!\d) = x(Ck\dl) . x(Ce\d,). 
For generating arrangements, we have 
Lemma 2.2. If A is a generating arrangement in C”, n 2 1, then 
(i) for every H E l-t(d), dk is a generating arrangement in C”- ‘; 
(ii) ify’(C”\d) = 1, then #N(d) > n + 1. 
Proof. (i) is obvious. For (ii) it is sufficient to prove that #N(d) does not equal 
n, since A is generating. So suppose it does; then A is central and x(@“\d) = 0 
which is impossible since x’(@“\d) = 1. q 
We deduce from 2.1 and 2.2(i) 
Proposition 2.3. Zf A is a generating arrangement in C”, then 
(i) x’(C”\d) = 0 ifthere exists H E l-(d) such that -AL is not generating: 
(ii) x’(C”\d) > 0. 
Proof. First we prove (i). The case n = 0 is trivial. 
For n = 1, x’(@“\A) = #X(A) - 1; which implies immediately the result. 
Suppose n 2 2. Let H E X(d) be such that dh is not generating. Then d/H is 
a product of the empty arrangement in @and dk. Hence by 2.l(ii) x(C”\d4’,) = 
x(C”-‘\d$) which implies x’(@“\d) = 0. 
(ii) follows from (i), 2.1 and 2.2(i) by induction on the number of hyper- 
planes and on the dimension of A. q 
3. ONE-ARRANGEMENTS 
In this section A will always be a generating l-arrangement in C”. It follows 
from 2.3(i) that dl, is generating for each H E X(d). 
To recognize whether a hyperplane H E X(d) is a boundary, we can use the 
following criterium: 
Lemma 3.1. 
(i) H E B(d) iffx’(C”-‘\A:) = 1 ifSx’(C”\dk) = 0. 
(ii) H E ‘H(d)\B(d) iflx’(C”-‘\d$) = 0 ifsx’(C”\dk) = 1. 
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Proof. (i) the first equivalence follows from the definition of B(d), 2.2(i) and 
2.3(ii). The second follows from 2.1. (ii) follows from (i), 2.1,2.2(i) and 2.3. q 
Furthermore we obtain: 
Lemma 3.2. Let H and G be 2 difSerent hyperplanes of A such that 
X'(CY\(d~)~)= 1 then x'(C"-'\d1'1,)= 1. 
Proof. If n = 1 then the result is obvious since then (dL)‘l; = d: = 4. 
So let n 2 2. First assume that there exists no HI E 'FI(dk) such that 
H n G = HI n G, then (dG)k,, = (dk):. From 2.1 we get x’(@“-l\dL) = 
x’W”-‘\(d%,) + x’(a=“-2\(&k,,). 
Then the lemma follows from 2.2 (i) and 2.3. 
Otherwise let HI E 3_I(dk) be such that H n G = HI n G. Then (AL): = dg 
and the result follows immediately. q 
We use this lemma to prove: 
Lemma 3.3. Let H E 'FI(d)\B(d) and G E 3-I(d) then G E B(dk) ifG E Z?(d). 
Proof. From 3.l(ii) we obtain that x’(C”\dL) = 1. Suppose G E L?(dk). From 
3.1(i), x’(C”-‘\(dk)k) = 1. So by 3.2 x’(C”-‘\A;) = 1 which implies G E 
B(d). Suppose G $ B(dk). From 3.l(ii), x’(U\(dk)L) = 1. From 2.1(i), 
x’(C”\st’,) = x’(C”\(dL)k) + x’(@“-l\(d’,)L) and the lemma follows from 
2.2(i) and 2.3. q 
Corollary 3.4. Zfd is a generating l-arrangement in C”, n > 1, then B(d) # 4. 
Proof. From 2.2(ii) we know that #E(d) 2. n + 1. So let d be lJy=“=, Hi such 
that Ur= 1 Hi is generating. If there exists n + 1 5 j 5 m such that Hj E B(d), 
then the statement is proved. Otherwise, we obtain from 3.l(ii) and 3.3 that 
x’(C”\ l_lr=, Hi) = 1 which contradicts 2.3(i). 0 
Concerning the existence of boundaries we also have: 
Lemma 3.5. Suppose B E Z?(d) and B” E B(dg) then there exists at least one 
B’ E B(d) such that B n B’ = B”. 
Proof. Define V = {Hi E 'H(dI,) 1 Hi n B = B”} and d = UH,E%(Aj,V Hi. 
Suppose that V C ?-l(d)\B(d). F rom 3.1 and 3.3, we obtain x’(@“\d) = 1 and 
x(C”-‘\A;) = 1. Since .&L = (di)‘,,, and B” E f?(dg) this contradicts 
3.1(i). 0 
Lemma 3.6. Let A = Uy="=, Hi be a generating l-arrangement and HI, H2 E 
7-t(d) such that Uy! 3 Hi is not generating, then HI, H2 E B(d). 
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Proof. Since d& is generating and (A&)& isn’t, we obtain from 2.3(i) that 
x(C”\d’,,) = 0. So by 3.1(i) HI E B(d). A n analogous argument shows that 
H2 E Z?(d). q 
4. PROOF OF THE MAIN THEOREM 
Besides some properties of l-arrangements, deduced in the previous sections, 
we will use the following result: 
Lemma 4.1. Let A be an arrangement in C” such that ,x’(@“\d) = 0 and H E 
X(d) such that dk is a generating l-arrangement. Then there exist ajine co- 
ordinates such that His given by x, = 0 and such that the variable x, doesn’t ap- 
pear in the equation of any hyperplane H’ other than H. 
Proof. We choose affine coordinates (xl,. . . ,x,) such that H is given by the 
equation x, = 0 and such that Xi = 0 (1 5 i < n - 1) are the equations of some 
other hyperplanes Hi E X(d). (This is possible since dlf, is generating.) Sup- 
pose H’ E %(A’,) is defined by a(xl, .,x,_1)+Xx,==OandX#O.Thenor- 
ma1 vectors to HI,. . . , H,_ l7 H’ then generate C”. From 2.1(i) and 2.3, we get 
that x’(C”\d) > 1 which is in contradiction with k’(Cn\A) = 0. q 
Proof of the main theorem. We actually prove (by induction on n) that there 
exist affine coordinates (x1, . . . , x,) such that 
(i) each hyperplane of A has an equation C:= 1 aixi = a with ai, a E Q; 
(ii) there exists at least one variable .xi that appears in the equation of exactly 
2 hyperplanes of A. 
The case n = 1 is trivial. So let n 2 2. If the normal vectors to the hyperplanes 
of A span @” and m < n, we can choose affine coordinates (XI,. . . . x,) such 
that .Y m+ 1,. . ,.Y, don’t appear in the equation of any H E ‘H(d). So A is the 
product of the empty arrangement in @n-n’ and a generating arrangement j in 
@” given by the same set of equations as A. By an induction argument. it 
follows that we can make an affine change of coordinates which leaves 
-Y,,+l>.“9 x, invariant, such that every hyperplane of A has an equation 
xi aixi = a with ai, a E Q, and at least one variable appears in the equation of 
exactly 2 hyperplanes. 
So it is sufficient to consider the case that A is a generating arrangement in 
C”. We take B E a(d) which is always possible by 3.4. We choose affine co- 
ordinates such that B is given by x1 = 0. An induction argument enables us to 
make an affine change of coordinates, which leaves x1 invariant, such that x, 
appears in the equation of exactly 2 hyperplanes Br and B:’ of A;. We consider 
2 cases. 
Case 1. If there are no 2 different hyperplanes HI, Hz E w(d) such that 
B n HI = B n Hz = B,” or B n HI = B n HZ = B:, then x, appears in the equa- 
tion of exactly 2 hyperplanes of A. After another change of coordinates, we 
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may suppose that one of them, say B’, is given by x, = 0 and the other by 
a(x*,... , x, _ 1) + x, = 0. Both of them must then necessarily be boundaries of 
A by Lemma 3.6. An induction argument on Ai, completes the proof. 
Case 2. Let now Hi, H2 E ‘H(d) be such that B f- HI = B f? H2 = B” with B” = 
B[ or B” = Bl. Since B” E Z?(dg) by 3.6, we may assume that HI E B(d) by 3.5 
and thus x’(C”\d&) = 0 by 3.1. Since in this case (d&)z = Ai, 3.1 also im- 
plies that ~‘(@“-‘\(d~~)~) = 1. By 4.1, we can make an affine change of co- 
ordinates such that B is given by x, = 0 and the variable x, doesn’t appear in 
the equation of any hyperplane H’ E IH(d)\{B, HI}. Since dh is generating, x, 
has to appear in the equation of at least one H E 3_I(dk). So HI is given by 
xx,++,,... , x, _ 1) = 0 with X # 0. Resealing the x,-axis, we may assume 
X = 1. An induction argument on di completes the proof. q 
Remark. In the previous we proved in fact that: if A is a l-arrangement in C”, 
then there exist coordinates such that each hyperplane Hi of A has an equation 
with ai,a E {O,l}. 
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